The collective behavior of ensembles of atoms has been studied in-depth since the seminal paper of Dicke [R. H. Dicke, Phys. Rev. 93, 99 (1954)], where he demonstrated that a group of emitters in collective states is able to radiate with increased intensity and modified decay rates in particular directions, a phenomenon which he called superradiance. Here, we show that the fundamental setup of two atoms coupled to a single-mode cavity can be distinctly exceeding the free-space superradiant behavior, a phenomenon which we call hyperradiance. The effect is accompanied by strong quantum fluctuations and surprisingly arises for atoms radiating out-of-phase, an alleged nonideal condition, where one expects subradiance. We are able to explain the onset of hyperradiance in a transparent way by a photon cascade taking place among manifolds of Dicke states with different photon numbers under particular out-of-phase coupling conditions. The theoretical results can be realized with current technology and thus should stimulate future experiments.
I. INTRODUCTION
Arguably one of the most enigmatic phenomena in the history of quantum optics is the discovery of superradiance by Dicke . A key requirement in Dicke's work is the initial preparation of an ensemble of twolevel atoms in a special class of collective states, so-called symmetric Dicke states. The startling gist is that even though atoms in these states have no dipole moment, they radiate with an intensity which is enhanced by a factor of N compared to N independent atoms. The preparation of such states has been a challenge since. The first experiments on superradiance were done in atomic vapors [6] [7] [8] , where it was assumed that the fully excited system in the course of temporal evolution would at some time be found in a Dicke state leading to the emission of superradiant light [2, 3, 6] . The same assumption led to the recent observation of subradiance [9] .
Many of the mysteries behind this effect have begun to unfold only recently. In the seventies, it was realized that the superradiant emission results from the strong quantum correlations among the atoms being prepared in symmetric Dicke states [5, 6] . Only lately, it became clear that the N -fold radiative enhancement can be explained by the multiparticle entanglement of the Dicke states. For example, studying superradiance in a chain of Dicke-entangled atoms on a lattice enables one to identify that multiple interfering quantum paths lead to the collective subradiant and superradiant behavior [14, 27] . The strong entanglement of the states can already be inferred from the simpler two atom case and holds for almost all Dicke states of a multi-atom-system. With the current advances in quantum information science, we indeed understand the great difficulties in precisely preparing such highly entangled multiparticle states. There are proposals for the generation of whole classes of Dicke states using projective measurements [10, 11, 28 ], yet these schemes have very low success probability. Deterministic entanglement has been produced with about a dozen qubits in the form of W -states [12, 13] , but we are still far away from the realization of W -states for an arbitrary number of qubits. Calculations show that these states, which can be considered to be the analog to single excitation Dicke states with appropriate phase factors, produce also enhancement by a factor of N [14] [15] [16] .
In comparably simpler systems, yet with a higher number of excitations, one can also study the quantum statistical aspects of the collective emission [25] . However, down to the present day the generation and measurement of higher excited multi-particle entangled Dicke states are challenging, so mostly systems with no more than one excitation have been realized. In these systems, the dynamics is still quite complex, yet superradiance and also subradiance can be fruitfully explored [14] [15] [16] [17] [18] [19] [20] [21] [22] . Experiments on superradiance with single photon excited Dicke states were also reported for nuclear transitions [23, 24] . A recent work discusses preparation of a single photon subradiant state and its radiation characteristics for atoms in free space [20] . Even applications of superradiance are beginning to appear. Lately, a laser with a frequency linewidth less than that of a single-particle decoherence linewidth was realized [29] by using more than one million intracavity atoms and operating in a steady-state superradiant regime [30, 31] .
Despite these advances, one is still faced with the difficulties in the optical domain which arise from the infinite number of modes in free space and interatomic effects like the dipole-dipole interaction [4, 5] . It is thus evident that one needs to work with systems which have fewer degrees of freedoms and where a precise preparation of entangled states is possible. This brings us to work with single-mode cavities [26, 32] with few atoms.
FIG. 1.
Basic properties of the system. (a) Sketch of the system consisting of two atoms (A) that are coupled to a single-mode cavity (C) and driven by a coherent laser (L) with Rabi frequency η. Intracavity photons can leak through the mirrors by cavity decay (κ) and be registered by a detector (D). Another possible dissipative process is spontaneous emission (γ) by the atoms. The inset shows a magnified section of the arrangements of the atoms: One atom (depicted left) is fixed at an anti-node of the cavity field, while the other atom (right) can be scanned along the cavity axis causing a relative phase shift φz between the radiation of the atoms. (b,c) Energy levels and transitions of the system for (b) in-phase and (c) out-of-phase radiation of the atoms. In the case of two atoms, the state space consists of manifolds of four Dicke states with different intracavity photon numbers: For a fixed cavity state |n , the unentangled two atom ground and two atom excited state |gg and |ee , respectively, as well as the maximally entangled symmetric and anti-symmetric Dicke states |± . For clarity, we neither draw the transitions due to cavity decay nor the detuning. (d) Energy levels and transitions of the corresponding system containing a single atom.
The current technological progress in atom trapping and the availability of well characterized single-mode cavities is making this ideal situation becoming more and more a reality. Several experiments in the last two years have been reported using such well-characterized systems [33] [34] [35] . The experiments consist of two coherently driven atoms [33, 35] or entangled ions [34] coupled to a singlemode cavity as depicted in Fig. 1(a) . This setup enables one to study collective behavior as a function of various atomic and cavity parameters, e.g., the precise location of the atoms.
In spite of this recent progress on superradiant and subradiant behavior [14] [15] [16] [17] [18] [19] [20] [21] [22] and the surge of new classes of experiments [29, [33] [34] [35] , there is yet no report of atomic light emission beyond that of superradiance. In this paper, we demonstrate that a two-atom system coupled to a single-mode cavity is capable of radiating up to several orders of magnitude higher than a corresponding system consisting of two uncorrelated atoms, thereby exceeding the free-space superradiant emission by far. We call this effect hyperradiance. Surprisingly, hyperradiance occurs in a regime which one usually considers to be non-ideal, namely when the two atoms radiate outof-phase. Such nonideal conditions are rather expected to suppress superradiance and thus one is not inclined to imagine in this regime an emission burst exceeding the one of superradiance.
Although the study that we present is in the context of atomic systems, the results should be applicable to other types of two-level systems like ions [26, 34, 36] , superconducting qubits [37] [38] [39] and quantum dots [40] [41] [42] [43] [44] . We thus expect that our findings stimulate a multitude of new experiments in various domains of physics.
II. METHODS

A. System
The investigated system follows the experiments of [33, 35] consisting of two atoms (A) coupled to a singlemode cavity (C) as shown in Fig. 1(a) . A laser (L) oriented perpendicular to the cavity axis coherently drives the atoms. In this paper, we fix one atom at an antinode of the cavity field, while we vary the position of the other atom along the cavity axis inducing a relative phase shift between the radiation of the atoms. The atoms within the cavity are modeled as two-level systems with transition frequency ω A , driven by a laser field at frequency ω L , and couple to a single-mode of the cavity with frequency ω C = 2πc/λ C . The ith atom is characterized by spin-half operators S
and S z i = (|e i e| i − |g i g| i )/2. Bosonic annihilation and creation operator a and a † describe the intracavity mode. The dynamical behavior of the entire system can be treated in a master equation approach [45] and is gov-erned by
where ρ is the density operator of the atom-cavity system. In the interaction frame rotating at the laser frequency, atoms and cavity are described by
is the atom-laser detuning and δ = ω C − ω L the cavity-laser detuning. The Tavis-Cummings interaction term of atom-cavity coupling is given by
and can be obtained by utilizing the dipole approximation and applying the rotating wave approximation [46] . The term g i = g cos(2πz i /λ C ) describes the positiondependent coupling strength between cavity and ith atom. The interatomic distance ∆z induces a phase shift φ z = 2π∆z/λ C between the radiation emitted by the two atoms. Since φ z can be chosen (mod 2π), separations of the atoms much larger than the cavity wavelength λ C can be achieved in order to avoid direct atomatom interactions as in [47] . Observe that in our setup at φ z = π/2 (3π/2), only one atom is coupled to the cavity. The coherent pumping of the atoms is characterized by the Hamiltonian
Hereby, it is assumed that the pumping laser with Rabi frequency η propagates perpendicular to the cavity axis. Neglecting possible interatomic displacements in y-direction leads to a homogeneous driving of the atoms. Varying pump rates due to spatial variation of the laser phase could be absorbed into effective coupling constants of the atoms [34] . For fixed atomic transition dipole moment, η indicates the strength of the coherent pump. Spontaneous emission of the atoms at rate γ is taken into account by the term
whereas cavity decay at rate κ is considered by the Liouvillian
In this letter, we neglect marginal dephasing effects, which, for example, become relevant in the case of quantum dots.
In order to work out the dynamical behavior of the atom-cavity system, we have to solve Eq. (1), which depends on many parameters. Whereas η, δ, and ∆ can be easily varied, g, κ, and γ are intrinsic properties and depend on the design of the cavity and the atomic system used. The specific dynamics very much depends on the cavity coupling and the cavity Q-factor. Thus to keep our discussion fairly general it becomes necessary to solve the master equation quite universally so that the behavior in different regimes can be studied. We thus resort to numerical techniques based on QuTiP [48] . We ensured the numerical convergence of our results by considering different cutoffs of the photonic Hilbert space.
B. Transitions
To clarify the dynamical behavior of the system, we make use of the collective basis states |gg , |ee and |± to describe the atoms. The symmetric and anti-symmetric
. Rewriting interaction and pumping Hamiltonian in terms of the collective operators D † ± [49] , yields a clear picture of the occurring transitions as can be seen in Fig. 1(b) and (c). The pumping term is then given by H L = √ 2η(D † + + D + ) and gives rise to the transitions |gg, n η → |+, n η → |ee, n with n being the number of photons in the cavity mode. Hence, only symmetric Dicke state |+ and doubly excited state |ee are pumped. The interaction term, on the other hand, couples the cavity to |+ or |− depending on the interatomic phase φ z . It reads
In case of an in-phase radiation of the atoms, apparently g − (φ z = 0) = 0 and the anti-symmetric Dicke state |− is uncoupled from the dynamics. Possible atomcavity interactions are then via the states |ee, n g+ ←→ |+, n + 1 g+ ←→ |gg, n + 2 , see also Fig. 1(b) . For atoms radiating out of phase, however, g + (φ z = π) = 0 and the cavity only couples via |− , i.e. |ee, n g− ←→ |−, n + 1 g− ←→ |gg, n + 2 . Note that although only the symmetric Dicke state |+ is pumped by the applied coherent field, the photon number in the cavity is non-zero for an out of phase radiation of the atoms due to higher-order processes, which can populate the state |− . These are direct cavity coupling |ee, n g− → |−, n + 1 and spontaneous emission |ee, n γ → |±, n γ → |gg, n , see also Fig. 1(c) . Note that the latter process, of course, takes place for φ z = 0 as well as φ z = π.
For a phase in between, both couplings are present as g − (φ z ) and g + (φ z ) will be nonzero. For the sake of completeness, we list the transitions due to cavity decay which read |., n κ → |., n − 1 and are possible for all values of φ z .
C. Radiance witness R
In the considered setup, it is natural to measure the emitted radiation at an external detector (D) placed along the cavity axis, see Fig. 1(a) . As the pumping beam (L) is perpendicular to the cavity axis and thus will not contribute photons along the cavity axis, the registered mean photon number at the detector (D) is proportional to the corresponding intracavity quantity. By performing a reference simulation of a single atom located at an antinode of the cavity field, we are thus able to quantify the radiant character of the two-atom system as a function of the correlations of the two atoms by use of a radiance witness involving the intracavity bosonic operators a and a † . Here, a † a i is the steady-state mean photon number with i = 1, 2 atoms in the cavity. The factor 2 arising in front of a † a 1 results from the comparison of the coupled two-atom system to the system of two uncorrelated atoms, while the denominator in Eq. (2) yields a normalization of R.
The witness R is composed of experimental observables, i.e., number of photons, which can be measured as in [33] . A possible detection strategy for R is, for instance, scanning the second atom from φ z = π/2 to φ z = θ simulating the transition from effectively one atom coupled to the cavity to two atoms radiating inphase (θ = 0) or out-of-phase (θ = π) into the cavity mode. By evaluating the experimental data according to Eq. (2), the radiance witness R can be obtained. R = 0 reveals an uncorrelated scattering, where the scattering of the two atom-cavity system is simply the sum of two independent atoms in the cavity. A value of R different from zero thus indicates correlations between the atoms. Negative or positive values of R signal a suppressed or enhanced radiation of the two atom-cavity system, respectively. R = 1, in particular, implies that the radiation scales with the square of the number of atoms ∝ N 2 , which is called superradiance with respect to the free-space scenario [1] . Atoms confined to a cavity, however, feel a back-action of the cavity field which modifies their collective radiative behavior, allowing for a remarkably new possibility R > 1. In fact, we found regimes with a † a 2 > 50 a † a 1 yielding R greater than 24. In order to emphasize this phenomenon, we call the domain of R > 1 hyperradiant.
The atomic correlation quantity S + S − , on the other hand, can be used to obtain the sideway radiation of the atoms. Note that in the bad cavity regime, R reduces to the definition in terms of atomic operators like in [29] [30] [31] due to adiabatic elimination, while in good cavities with g > γ, the emission of photons into the cavity mode dominates over spontaneous emission in side-modes. R thus constitutes a very natural witness for the setup of Fig. 1(a) .
D. Semiclassical treatment
Several phenomena of fundamental atom-light interaction can be fully analyzed within a semiclassical framework, even atoms coupled to a cavity in the weak atomic excitation limit. In a semiclassical approximation, one decouples the dynamics of atoms and cavity, i.e., aS z ≈ a S z and assumes a vanishing atomic excitation leading to S z i ≈ −1/2. In steady state, one is able to deduce an analytical result for a , which is proportional to the intracavity field. In terms of the parameters of the system, it reads
where N is the number of atoms inside the cavity. We further introduced the two collective coupling parameters,
along the cavity and
for the incident beam [50] , which involve the position-dependent atom-cavity couplings g i . In the investigated two-atom system, these can be written as a function of the interatomic phase only: (3) can also be derived in a classical framework, where the atoms are treated as radiating dipoles that couple to a non-quantized standing-wave optical resonator [50] . Hereby, one exploits the condition that the intracavity field needs to match itself after a round trip in order to be sustained by the resonator. Observe that the (semi-)classical intracavity field is proportional to G(φ z ).
For an out-of-phase configuration, it holds G(φ z = π) = 0 and thus semiclassical treatment predicts a vanishing intracavity field.
III. RESULTS AND DISCUSSION
In what follows, we study the radiance witness R of Eq. (2) for the setup of Fig. 1(a) in a very broad regime of parameters. In Fig. 2 , for example, we plot R as a function of the interatomic phase φ z and the pumping rate η for weak and strong values with respect to the atomic spontaneous emission rate γ. In all figures we set γ = κ, where κ is the cavity decay rate, while the other parameters are varied from figure to figure. We categorize the value range of R into six different classes, which are depicted in unified colors: extremely subradiant (R < −0.5, black), subradiant (−0.5 < R < 0, blue), uncorrelated (R = 0, light blue), enhanced (0 < R < 1, yellow), superradiant (R = 1, orange) and hyperradiant (1 < R, red) scattering. For the color scheme see also the color palette of Fig. 2 . Dotted, dashed, and solid curve in the figures indicate a mean photon number a † a 2 = 0.01, 0.1, 1, respectively. In good cavities and for atoms radiating out of phase the system can exhibit the phenomenon of hyperradiance, see Fig. 2(a) . The radiation can exceed the one of two atoms emitting in phase with otherwise identical parameters distinctly, thereby also surpassing the free-space limit R = 1. This is the synergy of two effects: Higher-order processes can populate the doubly excited atomic Dicke state |ee , see Fig. 1(b) and (c). In the case of φ z = π, this leads to the emission of single photons into the cavity via the transition |ee, n γ → |−, n g− → |gg, n + 1 or even photon pairs via |ee, n g− → |−, n + 1 g− → |gg, n + 2 producing superradi-
Results for different cavities. Vertical cuts of the radiance witness at η ≈ 0.5κ as a function of the interatomic phase φz for different types of cavities: blue (dashed) for a bad cavity corresponding to Fig. 2(b) ; green (dotdashed) for an intermediate cavity corresponding to Fig. 2(c) ; and black (bold) with highlighted hyperradiant area (R > 1) for a good cavity corresponding to Fig. 2(a) .
ant or even hyperradiant light. For φ z = 0, however, cavity backaction prevents the excitation of the atoms. This is due to vacuum Rabi splittings [51] [52] [53] [54] [55] of the intracavity field, which for a driving laser on resonance leads to a suppressed excitation of the atoms. The latter can also be interpreted as a destructive quantum path interference [49] between the laser-induced excitation |gg, n η → |+, n and the cavity-induced excitation |gg, n + 1 g+ → |+, n , see Fig. 1(b) , resulting in subradiant light. The interpretation holds true for uncorrelated atoms, where the interfering terms can be seen in Fig.  1(d) and read |g, n η → |e, n and |g, n + 1 g → |e, n , respectively, which when superimposed yield little excitation of the atom. For two atoms radiating out of phase, however, this back reaction is suppressed as the cavity couples to the anti-symmetric Dicke state |− and thus the pathway |gg, n + 1 to |+, n is not allowed. As a result, we observe hyperradiance.
Note that in contrast to the coherent light emitted by a laser, the hyperradiant light is (super-)bunched (as revealed by a second-order correlation function at zero time g (2) (0) > 1) due to the emission of photon pairs in the out-of-phase configuration (see Fig. 1(c) ). Moreover, commonly lasing is observed when atoms radiate in phase [56] . Opposed to that, in the investigated system the atoms radiate out of phase in the hyperradiant regime.
In intermediate and bad cavities with g κ the radiation of two atoms out of phase is, however, highly suppressed, see Fig. 2(b) and (c). At φ z = π, the cavity couples to the anti-symmetric Dicke state |− , which is often also called the dark state [34] . When the atoms are driven well below saturation, the coherent laser only pumps the symmetric Dicke state |+ (bright state). As a consequence, the cavity mode is almost empty due to destructive interference of the radiation emitted from the two atoms [49] . The radiant character is extremely subradiant R < −0.9 or a † a 2 < 0.2 a † a 1 . By contrast, two atoms emitting in phase into an intermediate cavity change their radiant character at higher pumping η. Here, even at low pumping rates photons can be emitted into the cavity mode via the laser-pumped state |+ . In Fig. 2(c) , for instance, for η κ the pumping strength is not sufficient to pump both atoms leading to a subradiant behavior. At higher η, both emitters at first scatter uncorrelated, while then higher order processes via |ee reinforce the atom-cavity coupling leading to an enhanced radiation. If η gets too high, the already mentioned destructive quantum path interference takes place. This also occurs at high pumping rates in bad cavities, see Fig. 2(b) , while at lower η the in-phase radiation is mainly enhanced. In the limit of an extremely bad cavity, corresponding to a free-space setup, superradiant scattering is recovered (R → 1) for an in-phase configuration.
The detuning can change the radiant behavior drastically, see Fig. 2(d) and (e). By comparing to the undetuned results of Fig. 2(a) , we can infer that small detuning of the order of δ = ∆ = κ (d) weakens the hyperradiant behavior while in systems with stronger detuning of the order of δ = ∆ = 10κ (e), no hyperradiance can be observed and the light is predominantly subradiant for atoms radiating out-of-phase.
In the experimental realization by Reimann et al. [33] , the authors measure the intensity of the system in a regime where the radiation is suppressed independent of the interatomic phase. Using the parameters of [33] , we observe a transition of the witness from R = −0.37 in case of φ z = 0 to R = −1.00 in case of φ z = π. Thus, the system becomes extremely subradiant, as the atoms tend to radiate out-of-phase. In fact, one could guess that atoms radiating out-of-phase scatter predominantly subradiantly, as observed in all previously mentioned experiments [33] [34] [35] . This is the case in bad and intermediate cavities (see dashed and dot-dashed curve in Fig.  3 ), or at high detuning. Yet, when studying the behav-
Comparison of classical and quantum mechanical treatment. The ratio | a | 2 / a † a comparing the classical intensity of the intracavity field with the quantum-mechanical mean photon number is shown as a function of the interatomic phase φz for g = 10κ, γ = κ and η = 0.1κ.
ior in a good cavity and zero detuning, we find that the number of photons within the system can become much larger than in the corresponding setup with uncorrelated atoms. The bold line of Fig. 3 displays this tendency of R for η ≈ 0.5κ. Here, the transition of atoms radiating in phase to atoms radiating out of phase is accompanied by the transition from (extreme) subradiance to hyperradiance. In order to observe hyperradiance, the previous experiments [33] [34] [35] would need to adapt to the parameters of Figs. 2(a) and 4(b) .
A brief comparison of atoms located at anti-nodes of a cavity can be seen in Fig. 4 . Here, the radiation of two atoms radiating in-phase (φ z = 0) and two atoms radiating out-of-phase (φ z = π) is compared over a wide range of coupling constants g : 0.1κ → 10κ reflecting the transition from a bad to a good cavity. For an inphase radiation of the atoms, see Fig. 4(a) , the radiant character hardly depends on the pumping rate as long as η κ but is determined by g: for g 0.5κ (g 0.5κ), the radiation is subradiant (enhanced) and at g ≈ 0.5κ uncorrelated. Note that g/κ → 0 reflects a free-space setting for which our calculations show that superradiant scattering is recovered, R → 1. In Fig. 4(b) , we compare these findings to atoms radiating out of phase in the same parameter range. While for atoms radiating in phase, the transition from bad to good cavities goes along with the transfer from superradiance or enhanced radiation to subradiance, the situation is reversed for atoms radiating out of phase. Here they radiate subradiantly in bad cavities, whereas their radiation in good cavities can exceed the superradiant limit distinctly, finally ending up in hyperradiance, which can be explained via quantum path interference.
Interestingly, the classical treatment of the discussed setup predicts an intracavity field that vanishes in the case of an out-of-phase configuration, see Eq. (3) with G(φ z = π) = 0. One can quantify the deviation from the classical approach by considering the ratio | a | 2 / a † a , which compares the classical intensity of the intracavity field with the quantum-mechanical mean photon number. A deviation from unity reveals quantum features displayed by the system. For the investigated two atom-cavity system, | a | 2 / a † a equals one for an in-phase configuration, but tends to zero as φ z → π, see Fig.  5 . A value below one of the ratio displayed in Fig. 5 corresponds to the quantum theory predicting a higher intensity than the classical approach. Therefore, the occurrence of hyperradiance even in the low pumping regime η ≈ 0.1κ can only be explained in a full quantummechanical treatment revealing the true quantum origin of the phenomenon hyperradiance.
IV. CONCLUSIONS
In conclusion, we have shown a new phenomenon in the collective behavior of coherently driven atoms, which we call hyperradiance. In this regime, the radiation of two atoms in a single-mode cavity coherently driven by an external laser can exceed the free-space superradiant behavior considerably. Hyperradiance occurs in good cavities and, surprisingly, for atoms radiating out of phase. The effect cannot be explained in a (semi-)classical treatment revealing a true quantum origin. Moreover, by modifying merely the interatomic phase, crossovers from subradiance to hyperradiance can be observed. Our results should stimulate various new experiments examining the possibility for the observation of hyperradiance in this fundamental system, consisting of a cavity coupled to any kind of two-level systems like atoms, ions, superconducting qubits or quantum dots.
